Abstract. The space of periodic Boehmians with ∆-convergence is a complete topological algebra which is not locally convex. A family of Boehmians {T λ } such that T 0 is the identity and T λ 1 +λ 2 = T λ 1 * T λ 2 for all real numbers λ 1 and λ 2 is called a one-parameter group of Boehmians.
Introduction
The space of Boehmians was first introduced by J. Mikusiński and P. Mikusiński [8] as a generalization of Schwartz distributions as well as T. K. Boehme's regular operators. Since the early 1980's there have been many articles by several authors published about spaces of Boehmians; see for example [1, 2, 3, 4, 5, 6, 9, 10, 11, 12, 13, 14, 15, 16] .
It is well known that the exponential function f (t) = e αt is the most general function which is continuous at zero and satisfies f (0) = 1 and f (t 1 + t 2 ) = f (t 1 )f (t 2 ) for all real numbers t 1 and t 2 .
In this note we will investigate one-parameter groups of periodic Boehmians. That is, we will study families {T λ } (λ ∈ R) of Boehmians which satisfy T 0 = δ and T λ1+λ2 = T λ1 * T λ2 for all real λ 1 and λ 2 , where δ is the identity and " * " is convolution.
This paper is organized as follows. In Section 2, we give a brief construction of the space of periodic Boehmians β(Γ). We also present some known results that will be needed in the sequel. In Section 3, we study one-parameter groups of Boehmians. We show that a one-parameter group of Boehmians which is strongly continuous at zero has an exponential representation. We will give sufficient conditions for an element F ∈ β(Γ) to be the infinitesimal generator of a one-parameter group. We also present some necessary conditions. In Section 4, we show that a necessary and sufficient condition for a Boehmian to be an infinitesimal generator for a one-parameter group is that it is a logarithm.
Preliminaries
Let L(Γ) denote the space of all Lebesgue integrable functions on the unit circle Γ. Let C(Γ) denote the subspace of L(Γ) consisting of all complex-valued continuous functions, and C N (Γ) denote the collection of sequences in C(Γ). We make no distinction between a function on Γ and a 2π−periodic function on R.
A
The collection of delta sequences will be denoted by ∆.
Let f, g ∈ C(Γ). The convolution of the two functions f and g is given by
"∼" is an equivalence relation on A. The collection of equivalence classes will be denoted by β(Γ). Elements of β(Γ) are called Boehmians, and a typical element of β(Γ) is written as f n ϕn . Addition, multiplication, and scalar multiplication are defined in the natural way, and β(Γ) with these operations is an algebra with identity δ =
Similarly, D (Γ), the space of Schwartz distributions [18] on the unit circle, can be identified with a subspace of β(Γ).
For f ∈ C(Γ), the kth Fourier coefficient is given by
The limit in the above definition is independent of the representative of F . Throughout the sequel, ω will denote a real-valued even function defined on the integers
Also throughout the sequel, {s n } ∞ n=1 will denote a sequence in Z + , the set of positive integers, satisfying the following conditions.
(i) There exists a sequence of positive integers{t n }
such that
the sequence of Fourier coefficients for some Boehmian.
The next theorem is a stronger version of Theorem 3.5 in [15] . Since the proof is similar to that of Theorem 3.5, it is omitted.
Theorem 2.3. Let θ(t) be a monotone increasing function such that
be an increasing sequence of positive integers such that lim
The space β(Γ) with ∆-convergence is an F-space [9] . That is, it is a complete topological vector space in which the topology is induced by an invariant metric.
The dual space β (Γ) of β(Γ) is nontrivial. Indeed, β (Γ) separates points on β(Γ). However, β(Γ) is not locally convex [4] . Theorem 2.5 (see [14] ). For each Λ ∈ β (Γ), there exists a unique trigono-
Conversely, any p(t)
As is the case with most spaces of generalized functions, the Fourier series for each F ∈ β(Γ) converges to F . That is, (2.8)
The next theorem, which is a stronger version of Theorem 3.2 in [13] , gives a partial converse to the previous theorem.
Proof. By Theorem 2.2 there exist H 1 , H 2 ∈ β(Γ) having Fourier coefficients as follows: H 1 (±s p ) = 1 (p ∈ N) and zero otherwise, and
and zero otherwise.
To finish the proof, apply Theorem 3.2 in [13] .
The main results
Let {T λ }, λ ∈ R, be a family of Boehmians such that
Then, {T λ } is called a one-parameter group.
Remark 3.1. The space β(Γ) has zero divisors. However (i) and (ii) show that this is not true for a one-parameter group {T λ }. Indeed, {T λ } is a group under convolution.
. By Theorems 2.2 and 2.7, the above sequence converges for each λ. Now, the family {T λ } of Boehmians clearly satisfies property (i). Also, since
, λ 2 ∈ R and k ∈ Z, the family {T λ } satisfies property (ii). Therefore, {T λ } is a oneparameter group of Boehmians.
We will require some type of continuity condition in order to show that {T λ } has an exponential representation.
If {T λ } is a one-parameter group which is continuous at zero, then there exists a unique function τ : Z → C such that T λ (k) = e λτ (k) , for all λ ∈ R and all k ∈ Z.
Thus,
for all n ∈ N and |λ − λ 0 | < η.
Remark 3.5. If Q is strongly continuous at λ 0 , then Q is continuous at λ 0 .
Suppose that {T λ } is a one-parameter group. Let
If there exists a Boehmian F such that F = ∆-lim →0 F , then F is called the infinitesimal generator for {T λ }. 
where
Proof. Since {T λ } is strongly continuous at zero, there exist M > 0 and η > 0 such that
for all k ∈ N and 0 < |λ| < η. Also, for each k ∈ Z, the mapping λ → T λ (k) is continuous at zero, and
Now,
Equations (3.5) and (3.7) imply this limit exists. Hence
By (3.7) and (3.8) we see that
Thus, (3.6) and (3.9) yield (3.10)
for all k ∈ Z. By using (3.5) and (3.8), we obtain
for all n, p ∈ N and λ ∈ R, and
for all p ∈ N and λ ∈ R.
Thus, for each λ ∈ R, the sequence
is ∆-convergent, and
for all n ∈ Z. This and (3.10) give
Theorem 3.6 suggests that it may be of interest to investigate infinitesimal generators in more detail.
Theorem 3.7. If F is the infinitesimal generator for the one-parameter group
Proof. Since F is the infinitesimal generator for {T λ }, ∆-lim λ→0
This gives T λ (k) = e λτ (k) , for all k ∈ Z and λ ∈ R. Now, ∆-lim λ→0
then F is the infinitesimal generator for the one-parameter group
Proof. By the hypothesis there exists an M > 0 such that
k=−∞ is the Fourier coefficients for some Boehmian. Define a mapping from R into β(Γ) by (3.14)
Now, by using the Mean Value Theorem separately on the real and imaginary parts of
, there exist constants A > 0 and η > 0 such that
, for all n ∈ N and 0 < |λ| < η. Also, for each k, 
Proof. Suppose that there exist M > 0 and n 0 ∈ N such that Re (λn) , for n ≥ n 0 . Thus, by Theorem 2.3, the sequence { T 1 (k)} ∞ k=−∞ is not the Fourier coefficients of any Boehmian. Therefore, the proof is complete. By using Theorems 3.6 and 3.8, it can be shown that every element of L(Γ) as well as every periodic measure is an infinitesimal generator for a one-parameter group having a representation of the form (3.4). is an example of a Boehmian that is not an infinitesimal generator.
is any sequence of complex numbers. (iv) F such that F (k) = |k| log |k| , for |k| ≥ 2.
Logarithms
In the field of Mikusiński operators [7] , the notion of a logarithm is important in the theory as well as in the applications of differential equations. The form of the general solution of an n th order linear operator-valued differential equation depends on determining whether or not the roots of the characteristic equation are logarithms. No general criterion is known to determine whether or not a given operator is a logarithm.
In this section, we will show that a Boehmian F is a logarithm if and only if F is the infinitesimal generator for some group. Thus, Q λ (k) = e λ F (k) . This implies that Q λ 1 +λ 2 = Q λ 1 * Q λ 2 for all λ 1 , λ 2 ∈ R. Also, by (4.2), ∆-lim λ→0 Q(λ)−δ λ = F . Therefore, {Q λ } is a one-parameter group with infinitesimal generator F. This completes the proof.
